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The hydrodynamic equations for a crystals with intersti-
tials, taking into account the dissipative processes of the vis-
cosity, heat conduction and the interstitial diffusion are de-
rived. To achieve that we use the phenomenological approach
has originally been applied in the theory of the superfluids
for the derivation of equations of the two-fluid hydrodynam-
ics. On the basis of obtained equations the problem of the
propagation of plane waves in the crystal with low interstitial
concentration has been considered. For the case when effects
of the viscosity and the heat conduction are absent and the
diffusion mobility of interstitials is small the absorption coef-
ficient of longitudinal sound wave has been calculated.
PACS numbers: 46.05.+b, 62.30.+d
A great number of various in its nature processes occur-
ing in the bulk and on the surface of the crystalline solids
can be considered within the scope of the hydrodynamic
description1–11. The presence of the slowly varying spa-
tial and temporal disturbances in the system allows us to
describe the nonequilibrium behavior in terms of a few
slow, hydrodynamic variables. One of the most impor-
tant hydrodynamic processes is the diffusion of intersti-
tials in the crystalline lattice. Within the scope of the hy-
drodynamic approximation their dynamics is commonly
determined by the well known diffusion equation rested
on the classical Fick’s laws. This equation is closed with
respect to the interstitial concentration and the presence
of the lattice is only manifested at the calculation of the
diffusion coefficient for the specific microscopic model.
Such an approach, justified in the case of the low impu-
rity concentrations and weak inhomogeneity in the sys-
tem proves to be unfit at the finite concentration and the
large gradients. In the case the interaction between the
impurity system and the lattice is also manifested at the
macroscopic level through the deformation of the crystal.
Therefore at the finite interstitial concentration the dy-
namics of interstitials is to be considered in common with
motion of the lattice. As a result the hydrodynamic equa-
tions describing the corresponding process are to contain
both the interstitial and lattice variables.
In this paper we shall obtain hydrodynamic equations
for the crystal containing interstitials. With that end
in view we use the method has originally been applied
in the theory of the superfluids12,13 for the derivation of
the equations of the two-fluid hydrodynamics and then
employed for supersolids14. It gives a possibility to obtain
equations describing the dynamics of interstitials relative
to the moving lattice.
On the basis of the found equations we shall consider
the propagation of plane waves in the crystal and in
the simplest approximation calculate the sound veloci-
ties and absorption coefficient caused by a diffusion of
interstitials.
We assume that the concentration of vacancies is negli-
gible and the nonequilibrium state of the crystal is char-
acterized by the mass densities of impurity particles ρp
and lattice atoms ρL and denote by j the current density
of the medium (lattice plus interstitials).
j = ρLvL + ρpvp , (1)
where vL and vp are the velocity fields of the lattice and
the impurity system, respectively.
The complete set of the hydrodynamic equations has to
contain the local conservation laws of mass, momentum
and equation for the entropy, following from the second
law of the thermodynamics. We write down the corre-
sponding balance equations as
∂ρ
∂t
+ div j = 0 , (2)
∂ji
∂t
+
∂Πik
∂xk
= 0 , (3)
∂S
∂t
+ div (Sv +
q
T
−
ν
ρT
J) =
R
T
, (4)
here ρ = ρL+ρp is the total mass density of the medium,
v = ρ−1j is the mass velocity, S is the entropy density of
the medium, Πik is the tensor momentum current density,
q is the heat current density, J is the diffusion current
density of interstitials defined as
J = ρp(vp − v) ,
ν is the chemical potential of interstitials per unite vol-
ume, T is absolute temperature and R (R > 0) is the
dissipative function of the medium; summation over the
repeated indexes is implied.
In addition, the system of equations (2) - (4) has to be
supplemented by the continuity equation for the intersti-
tial density and equation of motion for the lattice
∂(cρ)
∂t
+ div cρvp = 0 , (5)
∂(ρLvLi)
∂t
+
∂ΠLik
∂xk
= fi , (6)
where c = ρp/ρ is the interstitial concentration, f is the
mass force with which the impurity system acts on the
lattice; ΠLik is the tensor momentum current density of
the lattice which we take in the form
1
ΠLik = ρLvLivLk − σik − σ
′
ik , (7)
where σik is the symmetric, elastic stress tensor of the
lattice
σik = −pLδik + σ˜ik , (8)
pL = −
1
3
σii, Tr σ˜ = σ˜ii = 0 ,
and σ′k describes the effect of the viscosity. Both σik and
σ′ik are supposed to be known. Here and further the tilde
is used to denote the traceless part of a tensor.
Now let us introduce the vector u defining displace-
ment of lattice sites and connected with velocity field vL
by relationship
vL =
du
d t
=
∂u
∂t
+ (vL · ∇)u . (9)
The variables ρ, S, T , c, j, u completely define the
nonequilibrium state of the system and satisfy equations
(2) - (6). Similarly to Ref.12 we shall find the remaining
unknown values Πik, R, q, J, f so that the conservation
energy law
∂E
∂t
+ divQ = 0 , (10)
with E and Q being energy density and energy current
density, respectively, would follow from Eqs.(2) - (6). In
the Eq.(10) the current Q is originally unknown as well.
To determine the form of the unknown values indicated
above we shall pass to the new frame moving with veloc-
ity vL, in which the velocity of the lattice of the given ele-
ment of the medium is equal zero. The energy E and the
momentum density j are related by the Gallilean trans-
formation to its values E0 and j0 in the frame where the
lattice rests by relationships
E =
ρv2
L
2
+ j0vL + E0 , (11)
j = ρvL + j0 ; j0 = ρp(vp − vL) . (12)
Let us write down the differential of E0, considered as
a function of S, ρ, c, j0 and the infinitesimal strain tensor
uij , in the form
dE0 = TdS + µdρ+ νdc+ σ˜ijdu˜ij +wdj0 , (13)
here µ is the chemical potential of the medium and
w = vp − vL is the relative velocity. In the Eq. (13)
it has been taken into account that the variation duii of
sum of diagonal components of the strain tensor uij is
determined by the variation of the density dρ.
Differentiating the Eq.(11) with respect to time and
using Eqs. (2) - (13), one obtains
∂E
∂t
= (vpvL −
v2
L
2
− µ+
cν
ρ
) div j−wf
+ ρLwi(vL · ∇)vLi − wi
∂
∂xk
(σik + σ
′
ik)
− vpi
∂Πik
∂xk
+ σ˜ij
∂uij
∂t
+
ν
ρ
div cρvp
−Tdiv(Sv +
q
T
−
ν
ρT
J) +R
The last equality after long and tedious, though simple,
transformations is led to the form
∂E
∂t
+ div
{(v2
L
2
+ µ+
TS
ρ
)
j+ ρpvp(vp ·w)
+q− vL · (σ˜ + σ
′) + vp · pi
}
=
[
R − σ′ik
∂vLi
∂xk
+ piik
∂vpi
∂xk
+
q∇T
T
+TJ∇
( ν
ρT
)]
−w
[
f −∇pL + ρL(∇µ+
S∇T
ρ
)
−ρL
ν
ρ
∇ c+ u˜ij∇σ˜ij
]
, (14)
where piik is defined from the equality
Πik = ρLvLivLk + ρpvpivpk + pδik
− σ˜ik − σ
′
ik + piik (15)
and the notation has been introduced
p = −E0 + TS + µρ+w · j0 + σ˜ij u˜ij (16)
In the derivatiopn of Eq.(14) we have neglected the term
σ˜ij u˜ik∂vLk/∂xj that is small in framework of the linear
elasticity theory. In addition, for the terms of the second
order of infinitesimal in strains the approximation has
been used
(vp − vL) · ∇(σ˜ik u˜ik) ≃ vp · ∇(σ˜iku˜ik) ,
because the interstitial velocity is appreciably more than
the lattice one.
The Eq.(15) defines the momentum current density of
the medium. The comparison of the Eq.(14) with the
energy conservation law (10) leads to the definition of:
the energy current Q
Q =
{(v2
L
2
+ µ+
TS
ρ
)
j+ ρpvp(vp ·w)
+q− vL · (σ˜ + σ
′) + vp · pi
}
; (17)
the dissipative function R
R = σ′ik
∂vLi
∂xk
− piik
∂vpi
∂xk
−
q∇T
T
− TJ∇
( ν
ρT
)
; (18)
2
and the force f
f = ∇pL − ρL(∇µ+
S∇T
ρ
) + ρL
ν
ρ
∇ c
− u˜ik∇σ˜ik . (19)
In the framework of the linear theory the positive defi-
niteness of R leads to the linear relationships relating the
dissipative currents to the thermodynamic forces. Tak-
ing into account Onsager’s reciprocity relations for the
transport coefficients and time-reversal property of dissi-
pative effects1, we can write this relationships, at given
σ′ik, in the form
piik = −ηikjm
∂vpj
∂xm
,
qi = −
κik
T
∂T
∂xk
− αikT
∂
∂xk
( ν
ρT
)
, (20)
Ji = −
αik
T
∂T
∂xk
− βikT
∂
∂xk
( ν
ρT
)
,
where the fourth-rank tensor η is related to the impu-
rity viscosity, the second-rank tensor κ has meaning of
the pure heat conductivity, β is the second-rank tensor
related to the interstitial diffusion and α is related to the
cross effect of thermal diffusion of interstitials.
It is seen from the Eq.(15) that p, given by the Eq.(16),
can be interpreted as ”pressure” in the medium. The
relation similar to the Gibbs-Duhem relation for fluid
system follows from Eq.(16).
ρdµ = dp+ νd c− SdT − j0dw − u˜ijdσ˜ij . (21)
From (21) one obtains for gradients
ρ∇µ+ S∇T = ∇p+ ν∇c− j0i∇wi − u˜ij∇σ˜ij .
Introducing this into the Eq.(19), we obtain the expres-
sion for the mass force as
f = ∇pL − (1− c)∇p+ cρL∇
w2
2
− cu˜ij∇σ˜ij . (22)
This expression shows explicitly that in the limit c → 0
the mass force vanishes provided that p→ pL. From this
condition it follows that it must be
pL = −E0 + TS + µρL + σ˜ij u˜ij , (c = 0).
The last relationship should be considered as the def-
inition of the ”pressure” pL . Let us note that the
similar expression has been used in Ref.2 for a crystal
with vacancies. In the same limit Πik coincides with
the normal expression for a momentum current density
Πik = ρLvLivLk − σik − σ
′
ik and in the linear approxi-
mation in strains the expression (17) is reduced to the
standard definition of the energy current density in the
viscoelastic medium
Q =
(ρv2
L
2
+ E0
)
vL − vL · (σ + σ
′) + q .
Having substituted the found expression for Πik and f in
(3) and (6) and restricting to the linear terms in lattice
strains, we obtain the complete set of the hydrodynamic
equations for a crystal with interstitials
∂ρ
∂t
+ div j = 0 ,
ρ
∂c
∂t
+ (j · ∇) c+ divJ = 0 ,
∂S
∂t
+ div
(S
ρ
j+
q
T
−
ν
ρT
J
)
=
R
T
, (23)
ρL
∂vL
∂t
+ ρL(vL · ∇)vL = −(1− c)∇p
+∇ · σ˜ +∇ · σ′ + cρL∇
w2
2
,
∂j
∂t
+ vLdiv j+ (j · ∇)vL + j0divvp
+(vp · ∇)j0 = −∇p+∇ · σ˜ +∇ · σ
′
−∇ · pi ,
where R and the dissipative currents are defined by ex-
pressions (18) and (20).In addition, the system (23) has
to be still supplemented by the conservation energy law
(10).
Now as a simplest example of the application of the ob-
tained equations we shall consider the propagation of a
sound in the infinite cristal with the low interstitial con-
centration. We shall assume that effects of the viscosity
and the heat conductivity are absent so that the only
dissipative process is related to the interstitial diffusion.
In addition, we shall use the isotropic approximation for
both the elastic stress tensor and the diffusion current,
taking
σ˜ij = 2µ0u˜ij , J = −Tβ∇
( ν
ρT
)
,
where µ0 is the shear modulus and the constant β is pro-
portianal to the diffusion coefficient. Further we shall
confine ourselves to the case of the small diffusion mobil-
ity of interstitials when β ≪ 1. Assuming that a plane
wave propagates along the x-direction and having elim-
inated the current j, one writes the set of the linearized
equations (23) in the form
ρ¨′ =
∂2p′
∂x2
−
4
3
µ0
∂3ux
∂x3
,
ρc˙′ = Tβ
∂2ν ′
∂x2
, (ν = ν/ρT ) ,
ρs˙′ = −
ν
ρ
∂2ν ′
∂x2
, (s = S/ρ) ,
ρLu¨x = −(1− c)
∂p′
∂x
+
4
3
µ0
∂2ux
∂x2
, (24)
u¨y = c
2
t
∂2uy
∂x2
, u¨z = c
2
t
∂2uz
∂x2
.
Here the prime denotes small deviations of a variable
from its equilibrium value which is without prime and
3
s = S/ρ is the entropy per unit mass. It follows from the
last two equations that in the assumed approximation the
sound velocity of the transverse waves c2t = µ0/ρL does
not depend on the interstitial concentration and coincides
with its usual value in the isotropic elastic medium.
The equality (21) shows that p, c, T , w2 and σ˜ij can
be taken as the independent variables. Taking into ac-
count the fact that the scalar function can depend on
the tensor σ˜ij by convolution σ˜ij σ˜ij only, in the linear
approxomation, one can consider ρ, ν, s to be functions
of p, c, and T . In the following we shall take the space
and time dependence of all variables to be of the form
exp[iω(t+x/v)], where v is the longitudinal sound veloc-
ity , and write down the set (24) as
v3
∂ρ
∂T
T ′ +
(
v3
∂ρ
∂p
− v
)
p′ + v3
∂ρ
∂c
c′
+
4
3
µ0iωux = 0 ,
iωTβ(
∂ν
∂T
T ′ +
∂ν
∂p
p′) + (iωTβ
∂ν
∂c
− v2ρ)c′
= 0 ,
∂s
∂T
T ′ +
∂s
∂p
p′ + (
∂s
∂c
+ ν)c′ = 0 ,
(1− c)vp′ + iω(ρLv
2
−
4
3
µ0)ux = 0 .
(25)
We shall find the sound velocity in the form v = v0+βv1,
where β → 0. Having put in (25) β = 0 one finds zero
approximation v0 as
v20 =
4
3
µ0
ρL
+
( ∂s
∂T
)
p
/
∂(ρ, s)
∂(p, T )
+O(c) , (26)
where O(c) denotes the small terms to be proportianal
a concentration c. Using the well known properties of a
functional determinants, one has
∂(ρ, s)
∂(p, T )
=
∂(ρ, s)
∂(p, s)
∂(p, s)
∂(p, T )
=
(∂ρ
∂p
)
s
( ∂s
∂T
)
p
. (27)
Since the adiabatic compression modulus per unit mass
Kad is defined as
1
Kad
=
1
ρ
(∂ρ
∂p
)
s
,
we have, instead of (27)
∂(ρ, s)
∂(p, T )
=
ρ
Kad
( ∂s
∂T
)
p
.
Substitution of the last equality in the Eq.(26) yields
v2
0
=
4
3
µ0
ρL
+
Kad
ρL
, (28)
since ρ → ρL at c → 0. The expression (28) coincides
with usual value of the longitudinal sound velocity in the
isotropic elastic medium.
The compatibility condition of the set of Eqs.(25) up
to terms of the second order in β yields an equation for
v1. To avoid too combersome expressions we use a num-
ber of simplifying assumptions. It is known that when
introducing an impure particle into a perfect crystal its
volume changes in a macroscopic value. Therefore one
can suppose that at c→ 0 ∂ρ/∂c has to be considerably
more than all the other thermodynamic derivatives in-
cluded into the set (25). In addition, we shall confine
ourselves to the temperature region in which one can ig-
nore a heat expansion and neglect by terms containing
∂ρ/∂T . Then keeping in an expression for v1 only terms
to be proportianal to ∂ρ/∂c, we obtain
v1 = iω
T δ
2ρLv0
(∂ρ
∂c
)
pT
,
where
δ =
∂(ν, s)
∂(p, T )
( ∂s
∂T
)
−1
cp
×
2Kad
(2ρLv20 + 3Kad)(∂ρ/∂p)cT − 3ρL
.
Allowing for v = v0 + βv1, one has for the absorption
coefficient
γl =
ω2Tβδ
2ρLv30
(∂ρ
∂c
)
pT
(29)
As it seen from Eq.(29) γl to be proportianal to ω
2 and
the diffusion coefficient.
In conclusion, we have obtained the complete system
of the hydrodynamic equations for a crystal with intersti-
tials. These equations allow to describe the joint dynam-
ics of the lattice and the impurity system and take into
account the dissipative efects of the viscosity, the heat
conductivity and the diffusion of interstitials. On the ba-
sis of found equations we have considered the problem of
the propagation of plane waves in the crystal with small
interstitial concentration and calculated the sound veloc-
ities and absorption coefficient provided that the viscos-
ity and the heat conductivity are absent and the diffusion
mobility of interstitials is small.
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